INTRODUCTION
The theory of partial coherence, rooted already in the 19th century, has been extensively analyzed for classical1 as well as for quantized fields.2 The theory, however, has not been extended to the analysis of the propagation of coherence functions through inhomogeneous structures such as, e.g., photonic bandgap structures. Although early work on the theory of partial coherence of optical cavities that were considered as a periodic succession of reflections can be found in Refs. 3 and 4, the theoretical treatment of the problem still lacks a general formulation. It is therefore the aim of this paper to construct the theory of partial coherence for wave propagation in weak media that takes into account the spatial and temporal statistical properties of the incoming field. We will restrict ourselves to weakly scattering media, i.e., it is assumed that the propagation of the pertinent field quantities can be described in first-order Born approximation. This restriction allows us to explicitly calculate pertinent quantities such as the second-order coherence function. Moreover, from the results for a similar problem arising in solidstate physics (the theory of electrons weakly bounded to a periodic potentiaI5), it is to be expected that this special case already reveals the intrinsic physical properties of the problem such as the occurrence of bandgaps and the description of the field in terms of the Bloch wave functions. The results obtained in Section 2 justify this expectation.
We first develop a theory of deterministic TE/TM wavefield propagation in a weakly periodic medium. Then the second-order theory of partial coherence is developed. Both cases of semi-infinite and finite photonic structures are considered and a generalization of the van CittertZernike theorem is obtained. Coherence theory for pulses propagating through both semi-infinite and finite photonic structures is considered next.
PROPAGATION IN WEAKLY PHOTONIC MEDIA
We consider propagation of electromagnetic TE or TM waves through a weak photonic material with constant magnetic permeability and a periodically varying dielectric function ε(r), r=(x,y). We restrict ourselves to twodimensional problems, which enables us to decompose the vectorial electromagnetic problem into two scalar problems, i.e., TE and TM fields. Then the governing equation for time-harmonic TE waves with frequency ω reads as (1) if ω=ck0 and n2=ε(r). The magnetic field follows from the
For the TM case the pertinent equations reads as (2) and the electric field follows from the Maxwell equation
∇xH=aD/∂t
(the geometry is depicted in Fig. 1 ). The calculation of the propagation of the partial coherence function for weakly periodic media will proceed in three steps:
(a) the determination of the basic set of functions (plane waves for free space), (b) the solution of the deterministic boundary-value problem, and (c) the introduction of the statistics. The equation to be solved in first-order Born approximation reads as (3) where ψ denotes Ez or Hz, respectively, if for simplicity the term Vη(r)· V is neglected in Eq. (2) . The function
denotes the periodically varying refractive index of the medium k0=ω/c, and r=(x,y). The vector
not to be confused with the scalar refractive index n2(r), denotes the successive orders in the Fourier expansion of the refractive index n 2 (r), which is a periodical function with periodicity a in the x direction and periodicity b in the y direction. For free space the basic set of modes is the set of plane waves A(k)exp(ik·r). The first-order approximation to the free-space solutions is then obtained by the ansatz: |k|2 = k02, (6) with unknown coefficients dn. The reason we try the solution of Eq· (6) is that, effectively in the first-order Born approximation, the term k02n2(r)ψ(r) is replaced by k02n2(r) A(k)exp (ik·r) and each term occurring in Eq. (6) is an eigenvector of ∇2 with eigenvalue (k+n)2· Inserting Eq. (6) into Eq. (3) with the replacement mentioned above of the second term occurring on the left-hand side of Eq. (3) and equating the coefficients of the terms exp(in ·r) lead to (7) This approximate solution of the wave equation is known in solid-state physics as the nearly free binding case·5 The functions of Eq. (7) are the Bloch wave functions in the first-order Born approximation. They are the basic set of functions for the description of the field, generalizing the set of plane waves for a homogeneous space as the complete basis for the solution space of the propagator of Eq. (3). The denominator of these wave functions could become zero:
This condition is easily recognized as the von Laue condition, the basic condition for the occurrence of Bragg reflection in crystals. If this case occurs, the approximation of Eq· (7) breaks down and another expression for Eq. (7) has to be used. 5 We now turn our attention to the second problem to be solved, namely, the solution of the Dirichlet boundaryvalue problem· This problem will also be solved in a perturbative way· To this end, we recall6 that the field ψ(r) can be written in terms of the first-order Bloch functions [Eq· (7)] because they are the complete set of modes in the R2 space for the solutions of Eq. (7):
where r'σ=(x,O) and kσ= (ky,O) . Taking the Fourier transform of both sides of Eq. (10) we end up with an equation for A(kσ): (11) where ψ~(kσ) denotes the Fourier transform of ψ(rσ) and nσ=(ny,O). The solution ofEq. (11) for A(k σ ) is obtained in the first-order Born approximation iterating Eq. (11) once: (12) Inserting Eq. (12) into Eq. (9) yields This integral describes the propagation of a field ψ(r) from its boundary values at the plane z = 0 and is the generalization of the plane-wave spectrum representation for a field propagating in free space. To get some further insight of the properties of the field we will calculate its asymptotic behavior, viz·, the far-field approximation, with respect to large values of the distance between an observer and the plane z=0 (the y axis). The detailed calculations are to be found in Refs. 7-9. The result reads as
The vector s denotes the unit vector pointing from the origin of the plane x =0 to the place r of the observer: s =[cos(φ),sin(φ)] if r=|r|s, and φ denotes the angle subtended with the x axis. R is the distance from the origin of the plane x=0 (the y axis) to the location of the observer.
We have omitted the double summation term occurring on the right-hand side of Eq. (13) because it corresponds to a second-order approximation. This far-field expansion of Eq. (14), as well as the general wave function of Eq. (13) together with the relation of Eq. (12) leads to the following observations:
(a) A given field ψ(rσ) at the boundary plane x=0 manifests itself in the propagated field not only through its Fourier transform ψ~(kσ) but also by the shifted components ψ~(kσ+nσ)[see Eqs. (12) and (13)]. This property is of great importance for the behavior of the coherence in the far field.
(b) The perturbed wave field contains a term showing that the unperturbed wave is modulated by a periodic function whose period is equal to that of the medium. This wave is the Born approximation of the Bloch modes of the medium.
We have derived the deterministic Eq. (13) describing the propagation of the field generated by a known surface distribution. No physical theory is complete without the introduction of the appropriate statistics. Therefore we will now introduce the statistical properties of the field and calculate the second-order correlation coefficient (mutual coherence function) for the field.
GENERALIZED VAN CITTERT-ZERNIKE THEOREM AND COHERENCE PROPERTIES OF FIELDS GENERATED BY QUASI-HOMOGENEOUS SOURCES
The classical basic theory of coherence culminates in the derivation of the van Cittert-Zernike theorem. 9 We will discuss the generalization of this theorem if the field propagates through a weak photonic (periodic) medium. Furthermore, the propagation of a class of interesting source distributions known as quasi-homogeneous sources 9 through such media will be analyzed. The theory will be restricted to second-order statistics and therefore the second-order correlation function Γ(r1, r2 ;tl, t2), known as the mutual coherence function,9 is introduced:
(15)
where the brackets indicate that the average of the quantity ψ(rl,t1)ψ*(r2,t2) has to be taken over the appropriate space-time ensemble. It is convenient to introduce the normalized mutual coherence function by setting9 (16) whose modulus lies between zero and one:
The analysis of the behavior of the coherence functions of Eqs. (15) if Γ'(rl,r2;ν~)=R Γ(rl,r2;ν~). From now on we will omit the prime and therefore tacitly assume that the factor R 2 is absorbed in the mutual coherence function Γ(rl,r2;ν~). The simplest possible assumption for the state of coherence at the entrance plane is that of total incoherence, as originally assumed by van Cittert 10 and Zernike.11The coherence function at the plane z =0 then reads as (19) Inserting Eq. Another source distribution that is a generalization of the one introduced by van Cittert-Zernike is the so-called quasi-homogeneous source distribution, first introduced by9 (21) Inserting Eq. (21) into Eq. (18) and omitting second-order terms, containing products of the expansion coefficients an, am leads to (22) and sσ,mσ denote again the projection of the vectors s,m on the entrance plane.
In conclusion, there are two basic effects:
(a) Equations (20) and (22) show that, in the far-field, functions with argument S2σ-slσ±mσ occur. This implies a shift of the coherence functions involved over distances ±mσ. The coherence between two points of the wave field, which for homogeneous media always tends to zero if the distance between Slσ and S2σ becomes larger, for photonic materials is periodically repeating itself, be it with a weight factor am(k02-(k+mσ+m)2)-1.
(b) Equations (20) and (22) show that to the unperturbed coherence function a perturbation is added that equals the unperturbed coherence function, multiplied by a periodic function whose period equals that of the photonic medium.
FINITE-SIZED PHOTONIC CRYSTALS
We will now turn attention to the influence of the finite size of the structure on the coherence of the field ensuing after the crystal. We consider a crystal of finite width a that is incident on a field with a given state of coherence [see Eqs. (19) and (21)] at the entrance plane. Our aim is to solve the deterministic Dirichlet problem for this structure first, i.e., to calculate the field inside and outside the crystal generated by a given distribution ψ(r) at the entrance plane x=O, and then introduce the statistics of the problem (see Fig. 2 for the geometry and the various wave amplitudes of the plane waves inside and outside the medium). To this end we recall that the functions of Eq. (7), i.e., (23) are the complete basis for the field satisfying Eq. (3) in the whole space R3. So they certainly can be used for the representation of the field inside the finite crystal. Expression (23) represents waves traveling to the right, because inside the slab waves traveling to the left also exist, Fig. 2 . Geometry and various wave amplitudes of the plane waves inside and outside the medium. so another set of modes is introduced:
For later use we introduce the functions (25) and a similar equation B0(kσ, rσ) with propagating waves to the left:
(26) (27) and a similar equation for B1(kσ, r σ) with A replaced by B, respectively. We further introduce (28) and a similar equation for B2(kσ,rσ):
As usual for the solution of a Dirichlet problem the completeness of the set of Bloch modes makes sure that we can make the following ansatz for the field inside the crystal:
The field ψout(r) outside the end plane x=a in free space admits the representation (31) with a spectral density C(kσ(2)) to be determined by the continuity conditions. Now we impose the conditions for the field at the boundaries: At x=O the field is equal to the given distribution ψ(rσ),which taking the Fourier transform with respect to rσ of the functions involved leads to (32) if a tilde above a function means its Fourier transform with respect to r σ. At the boundary x=a the field is continuous: (33) and the first-order derivatives of the field are continuous:
Equations (32)-(34) are a set of linear equations to be solved for the unknown spectral distributions A(kσ), B(kσ), and C(kσ). We are interested only in the first-order approximate solution of these equations, namely, solutions up to first order in the periodic perturbation. The solutions of the unperturbed system read as
With these solutions we obtain the first-order approximate solutions of the system of Eqs. (32)-(34), iterating the set of equations once.As we are interested only in the spectral distribution at the end surface of the crystal, we will present only the result for C(kσ(2)):
It can be shown9 that in the far zone the second-order coherence function, generated by a state of coherence (37) at the plane x=a is equal to the Fourier transform of Eq.
(37): (38) where the unit vectors s((21,)2) denote the direction from the origin of the plane x=a to the point of observation. We are therefore interested in the Fourier transform of <ψ(r1(2)σ)ψ*(r2(2)σ» in the plane x=a. Using Eq. (31) leads to (39) where the values of C(k ((12)σ,2σ) ) are given by Eqs. (36) and (35a). These equations show that Γ(r1(2)σ,r2(2)σ;x=a) is linearly related to the coherence function <ψ~(k1(2)σ) ψ~* (k2(2)σ» that follows from the two choices for coherence distributions in the entrance plane that we took earlier: The van Cittert-Zernike coherence function [Eq. (19)] and the quasi-homogeneous coherence function, namely, Eq. (21). Then the Fourier transforms of these two distributions read, respectively, as (40) and for the general quasi-homogeneous source distribution as given by Eq. (21) we have (41) Combining Eqs. (35a), (36), (38), (40), and (41) then shows that the second-order coherence function in the far field has the same structure as Eq. (22), which leads to the following conclusions concerning the influence of the periodicity of the medium on the spatial coherence properties of a quasi-monochromatic field after propagation through a photonic medium:
The partial coherence of a wave field in the far field after propagation through a periodic medium is a quasiperiodic function of the partial coherence function generated by the homogeneous medium. The periodicity of the partial coherence of the wave field is transverse to the propagation direction, i.e., the cause of the change of the coherence properties of the wave field is due entirely to the periodicity of the medium in the direction transverse to the propagation direction and not to the periodicity in the longitudinal direction.
COHERENCE PROPERTIES OF PULSES
For pulses a similar set of equations is obtained. The response theory developed for a single plane wave leads straightforwardly to the description of the scattering and transmission of a propagating pulse solving the pertinent initial problem for wave functions ψ satisfying the wave equation [Eq. (3)]. To derive the relevant equations we therefore formulate the initial value problem and give its solution in terms of a double Fourier transform over time frequency wand space frequency k. We assume that at t = 0 the pulse is located outside the photonic crystal medium and that we therefore have to solve only the initial value problem for the medium outside the photonic crystal structure. where ω=c|k|, and a(k) and b(k) are the solution to the set of equations The proof of this theorem is obtained immediately from the representation of Eq. (42) and imposing the initial value conditions f(r) and g(r).
We have not yet required that, at t=0, the wave packet move to the right, which leads to the condition 
Then it follows that E(k)=0 and D(k)=f~(k).
After this preliminary survey of results for the propagation of a pulse in a two-dimensional homogeneous space we are now in the position to formulate analytically the propagation of a pulse of arbitrary shape and initially fully located outside the photonic crystal medium and moving to the right through a photonic crystal medium in terms of a Fourier decomposition in space and time. All we have to do is to replace a(k)exp((ik·r)) by the full set of pertinent plane-wave modes for the problem at hand comprising the reflected mode, the modes inside the medium, and the mode outside the end plane of the crystal. These modes will now be constructed (see Fig. 2) .
The field ψ(-)(r) in free space, with labell, outside the entrance plane of the crystal is represented by the following ansatz: and the continuity conditions for the first-order derivatives of the field at the boundary x = 0 lead to
The continuity conditions at the boundary x=a yield and the continuity conditions for the first-order derivatives of the field at the boundary x=a lead to
Again this set of equations is to be solved by iterating once, viz·, inserting the unperturbed solutions into the perturbation occurring in the summation· The relations between the coefficients of the unperturbed solutions follow from the classical theory of scattering of an electromagnetic wave by a slab of width a (Refs. 12 and 13) and read as E(unp)(k(1)) = RD(unp)(k(1)), C(unp)(k(3))= TD(unp)(k(3)),
where R denotes the reflection coefficient,
and T the transmission coefficient,
We will need only the first-order approximation for the spectral density C(k (3) Wehave determined the appropriate modes for our system consisting of a photonic crystal embedded in two different homogeneous spaces. We are now in the position to solve the problem of scattering and transmission of a pulse by a finite photonic crystal with length a. To this end we recall the corollary 1 and observe that Eqs. (61) and (57) give the relation between C(k(3) and the known value D(unp) (k(l) (see corollary 1). Equation (52) (3)near the Bragg resonances the perturbation analysis breaks down and waves are generated with amplitudes like exp(in·r). These waves are interpreted as the waves connected with multiple reflection. Hence they lead to a series of shifted pulses along distances n outside the structure of finite widths equal to the width of the incoming pulse.
Summarizing, the analysis given above and Eqs. (61) and (63) then lead to the following conclusions for the temporal coherence properties of the field after passage through the photonic structure: A pulse of finite width w, scattered and transmitted by a weakly scattering photonic crystal, will generate a set of pulses laterally shifted with respect to the x axis, with distances equal to multiples of the periodicity of the crystal. A pulse in exit from the structure is made by the sum of a number of pulses. All these pulses are coherent with each other, and therefore, considering the envelope of the distribution, the coherence time is increased. The total length of the system of pulses increases in time because of the multiple reflections, and this translates into a narrowing of its spectrum. This is exactly the filtering action of the structure.
DISCUSSION
The second-order theory of partial coherence is developed for the case of TE or TM waves propagating through a weakly period medium. These particular choices for the electromagnetic field, which means that we restrict ourselves to two-dimensional problems, reduce the originally vectorial problem to two scalar problems that considerably simplify the analysis of the problem. However, the dependence on the polarization of the partial coherence properties of the field can therefore not be completely analyzed, so that the full vectorial theory has to be developed as a generalization of the theory in this paper.
Although we restricted ourselves to weak periodic media, the essential properties of the problem pertinent to periodic media show up: The basic wave functions involved [Eq. (7) ] are the Bloch wave functions of the problem and the bandgap that already develops as explained below Eq. (7) . So the first-order Born perturbative analysis chosen by us suffices for a qualitative analysis of the exact problem. One of the core results of the analysis is the observation, drawn from Eq. (12) , that a given field ψ(rσ) at the boundary plane x=O manifests itself in the propagated field not only through its Fourier transform ψ~(kσ) but also by the shifted components ψ~(kσ+nσ)[see Eqs. (12) and (13) ]. This result expresses mathematically the periodic reflection of the waves in the lateral direction. These lateral waves explain the periodic shifts of the coherence showing up in the generalization of the van Cittert-Zernike theorem, observed at the end of Section 3.
The finite size of the medium is fully taken into account and its effects on the wave field are exactly calculated. To this end we used for the representation of the wave field inside the finite medium the wave functions of Eq. (7) , which represent the field in the infinite space occupied by the periodic medium. We would like to stress the fact that there is no contradiction in use of wave functions that are valid in infinite space for problems pertaining to finite space, as is sometimes objected: The infinite space functions [Eq. (7)] are ultimately the set of basis functions for all the solutions of the basic equation [Eq. (1)] in infinite space, which therefore certainly includes the solutions of Eq. (3) in a finite part of R3.
In Section 4 we developed the theory of the propagation of the partial coherence function in a weak periodic medium given a distribution at a plane. Using the tech-niques developed in this section, a similar theory is developed in Section 5 for the more general case of an incoming pulse scattered by a weak periodic medium. This culminated in Eq. (63), which admitted, however, a simple physical interpretation: A pulse of finite width w, scattered and transmitted by a weakly scattering photonic crystal, will generate a set of laterally shifted pulses with distances equal to multiples of the periodicity of the crystal. A pulse in exit from the structure is made by the sum of a number of pulses. All these pulses are coherent with each other, and therefore, considering the envelope of the distribution, the coherence time is increased. The total length of the system of pulses increases in time because of the multiple reflections, and this translates into a narrowing of its spectrum. This is exactly the filtering action of the structure.
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